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TOTALLY CON_VEX SETS IN COMPLETE
RIEMANNIAN MANIFOLDS

VICTOR BANGERT

1. Introduction

‘While convex sets in Riemannian manifolds have similar local properties as
convex sets in Euclidean space, their behavior in the large can be very
different. If one chooses an appropriate notion of convexity, however, global
similarities exist and two of them will be discussed in this paper. First, we
generalise the following theorem of Euclidean geometry to the Riemannian
case: '

Monotony Theorem. ZLet D C R™*! be a compact set containing a convex
set C. Then the m-dimensional Hausdorff measures of the topological boundaries
satisfy '

IC*(3C) < IC"(aD).

For a proof note that the metric projeétion P: R™*1 5 C onto C is
distance-nonincreasing and maps dD onto 9C.

The Riemannian version of this monotony theorem is Theorem 1 in §3. The
appropriate assumption is that C is totally convex in D. For 2-dimensional
Riemannian manifolds a related problem has been treated in [11, 4.14].
Theorem 1 improves this result even for dimension 2. In §4 the case of
equality in Theorem 1 is investigated. Under additional curvature assump-
tions we obtain a splitting theorem for the Riemannian structure of D — C.

Subsequently we treat the topological implications of total convexity. In
Theorem 4 we prove that the inclusion i: C — D is a homotopy equivalence
provided C is totally convex in the locally convex set D. This result may be
viewed as a counterpart to the fact that all convex sets in Euclidean space are
contractible, hence homotopy equivalent. A corollary to Theorem 4 states
that the only totally convex set in-a compact connected Riemannian manifold
M is M itself. This result is used in §4.
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Finally we note that some of our results have simpler proofs if one
considers sublevels of convex functions instead of totally convex sets. How-
ever, contrary to the Euclidean case, there exist totally convex sets which
cannot be sublevels of convex functions; cf. [1, p. 94]. For sublevels of convex
functions a slightly weaker form of Theorem 4 has recently been proved in
[10].

2. Notation and definitions

Throughout this paper M will denote an (m + 1)-dimensional, smooth,
connected manifold with complete Riemannian metric {, » and Levi-Civita
connection V. We denote by #: TM — M the tangent bundle, and by o
TM — M the unit tangent bundle of M. Let d: M X M — R be the metric
induced by {, >, and let B(p, ¢) be the closed metric ball about p of radius e.

A function f: M-— R is convex if for every geodesic ¢ in M the function
f © ¢ is convex.

For the convexity of sets we shall use the following notions.

Let C be a nonvoid closed connected subset of M.

(i) C is strongly convex if for p, g € C the minimal geodesic segment pq is
unique within M and pac C.

(ii)) C is locally convex if for all p € C there exists € > 0 such that
C N B(p, €) is strongly convex.

(iii) Suppose the interior DofDcCc M contains C. Then C is totally convex
in D if any geodesic c: [0, 1] — D which joins two points of C is contained in
C. In the case D = M, C is simply said to be totally convex.

Obviously both (i) and (iii) imply (ii). Details concerning these definitions
can be found in [2] and [7].

We are now going to describe the integration theory by means of which we
calculate the boundary volumes of sets.

A subset L of M is a k-dimensional strong Lipschitz submanifold of M if
locally L is the graph of a Lipschitz function defined on R, i.c., for every
p € L there exist a chart ¢: U? — R™*! of M at p and a Lipschitz function f:
U—>R™*17% defined on an open subset U of R* such that (L N U?) =
{(x, f(x)|x € U}; of. [16]. Then a: U— L, a(x) = ¢~ (x, f(x)) is called a
coordinate system of L at p. The notions “measurable” and “set of measure
zero” make sense on L since they are invariant under locally bilipschitz
homeomorphisms. L is said to be differentiable at p € L if one (and hence
every one) coordinate system a of L at p is differentiable in a~'(p). Let L’
denote the set of points at which L is differentiable. By Rademacher’s
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theorem (cf. [8]) L — L’ is a set of measure zero. For p € L’ the tangent
space T,L of L at p is defined as. the linear span of the vectors
{da/3x'|a!(p), - - - , da/3x*|a”'(p)}. The k-dimensional volume element
of M is the symmetnc form dvol}! =: dvol, defined by

dvol,(p): (I;M) —R,

dvol,(p)ay, - -+ , @) = (deta, @)
For a bounded measurable function #: L —- R with compact support in the
range a(U) of a coordinate system « of L we define

da  da
(2.1) thdvolk fh advolk(ax R~ )d‘ - dxk,

Since the formula for changes of variables is valid for locally bilipschitz
homeomorphisms, (2.1) is independent of the choice of «. Thus using an
appropriate subdivision of L into measurable subsets we can define a mea-
sure vol, on L in such a way that locally the integral with respect to vol, is
given by (2.1). On the set of k-dimensional strong Lipschitz submanifolds,
vol, coincides with the k-dimensional Hausdorff measure 3(* induced by d;
cf. [8, 3.2.5 and 3.2.46]. However, we will not use this fact, but work with our
analytical definition instead. k

Finally, let H C M, L C N be strong Lipschitz submanifolds of Rieman-
nian manifolds M, N, respectively and suppose dim H = dim L = k. If f:
H — L is locally Lipschitz and K C H is measurable, we have the following
formula: :

(22) fKIdet fldvoll > volf( KK)),

where the equality holds if f|K is injective. This follows from [8, 3.2.5] after
everything is reduced to locally Lipschitz functions from R* to R¥, since for
differentiable f at p, |det f,|(p) is computed with respect to the scalar
products induced on 7, H and Ty, L.

The admissible sets in our monotony theorem will have the property
defined below. A closed nonvoid subset D of M is said to have strong
Lipschitz boundary, if D = DanddD=D-Disa strong Lipschitz sub-
manifold of M. If 0D # J, then 3D separates M; hence dim 0D = m. By [16,
Theorem 6.1], every locally convex set with nonvoid interior has a strong
Lipschitz boundary. Actually the boundaries of locally convex sets satisfy
even stronger regularity conditions; cf. [2].

The nonstandard integration theory described above is used since it enables
us to calculate the boundary volumes of convex sets by analytical means.
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Adding smoothness assumptions-to our theorems would not simplify the
proofs essentially except that one could use the standard integration tech-
niques in this case. Note however that the problem of approximating an
arbitrary convex set by convex sets with smooth boundary is still open.

3. The monotony theorem

In this section we prove Theorem 1, the monotony theorem for Rieman-
nian manifolds. Formulas (3.1)-(3.3) below play a crucial role in our proof;
they are closely related to Santalo’s formula (cf. [12, p. 488]). Since (3.1)—(3.3)
are known in the smooth case (cf. [5, §VIII, 8]), we only give the arguments
which are necessary to generalize (3.1)—(3.3) to the Lipschitz case.

We first note some generalities on the Riemannian structure of T'M. On
TM we will use the canonical metric defined by requiring thatforallv € TM

be isometric, where T, M @ T, M denotes the orthogonal sum, and KX is
the connection map of the Levi-Civita connection. 7'M will be endowed with
the metric induced by the inclusion 7'M — TM. Then o: T'M - M is a
Riemannian submersion. Considering M as the O-section of TM we can use
the volume elements dvol, = dvol/™ on both T'M and M. The volume of -
the standard k-sphere is denoted by vol(S k). According to Liouville’s theo-
rem the gepdesic flow

&:T'M XxXR>T'M
preserves dvol,,, . ;. :

Throughout this section, 4 denotes a closed nonvoid subset of M with
strong Lipschitz boundary B, and & = 67'(4), ® = ¢7'(B). The inner unit
normal (vector field) N: B’ —» % is measurable and defined at points of
differentiability of B. We set

Bt = {v]o € 67}(B’) and (v, N o o(v)) > 0}.
Now suppose G C B is measurable, and §* = ¢7{(G) N B*. Obviously
% X Ris a (2m + 1)-dimensional strong Lipschitz submanifold of 7'M X R.

Endowing T'M X R with the Riemannian product structure we can apply
(22)with K == §* X [0, s]and F = ®|® X R, F: % X R — T'M. Then

(3.1) vol,, . (®(8* x[0, 5])) < f |det F,|dvol®XR
x[0, 5]

where the equality holds if ®|§* X [0, 5] is one-to-one. For v € %’ and
t €0, 5], we can compute |det F,|(v, ?) as in the smooth case. Using the fact
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that @ preserves dvol,,,, ;, we get :
|det F,|(v, £) = (N © o(v), v).

Since the right-hand side is independent of ¢ we easily conclude from (2.1)
(32) f |det F,|dvol®&R = s f AN o o(v), vddvol,,,.
8% x[0, 5] ) g+

At all points of differentiability of B, the map 6|%®: ¥ — B has the defining
property of a Riemannian submersion. Using (2.2) and the same arguments as
in the smooth case this implies that for every nonnegative measurable
function f: % - R

f fdvol,, = f ( S dvol,,,)dvolm.
B B\ e \(p)"
Since 07'(p) C T'M is isometric to the standard sphere, we can compute
1
N ° o(v), vddvol , = —vol(S™!
fo-n(,,)n%f (v), odvol,, = —vol(S™~)

Hence
(3.3) fg (N 0 o(v), v)dvol,,, =

We note that combining (3.1)—(3.3) proves Santalo’s formula in the Lipschitz
case, :
Santalo’s formula.

vol(§™~"vol,,(G).

1
m

vol,,, . (®(8* X[0,s])) < % vol(S™ "ol (G)s,

where the equality holds if ®|S* X [0, 5] is one-to-one.

A geodesic ¢: [a, b] > A with c(a) € 34, c(b) € 34 and c¢((q, b)) C A will
be called a chord of 4 (of length L(c)). Theorem 1 will be obtained as a
corollary to the following more quantitative result.

Proposition 1. Let A C M have strong Lipschitz boundary B = 04 and
finite volume vol,,, (A). Suppose G is a measurable subset of B with vol,(G)
> vol,,(B — G). Then the infimum t, of the lengths of chords of A with both
end-points on G satisfies

<k vol,,, ,(4) - vol(S™)
° = "vol,(G) - vol,(B — G) vol(s™=1) "

Remark. In particular we prove the existence of such chords with the
inclusion of the cases vol (B) = ec.or G = B.

Proof. For v € B* we define s(v) = sup{s|®,0 € & for te ©, 5)}.
Then s(v) > 0 since B is differentiable in o(p); If c: [a, b] = A is a chord of

with k,=m
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A, and ¢(a) € G, ¢(b) € B~ G, then é(b) € 0 (B — G) — B+ =: (B —
8)". Obviously Santalo’s formula holds for (% — §) as well. Hence
(34) Vo, (2((® — 8) x[0,s5])) < %yol(S"‘“)volm(B - G)s.
Now let us assume that for some fixed ¢+ > 0 we cannot find a chord of 4
with both end-points on G and length < ¢. This implies
(3.5) If v € §* and s(v) < ¢, then B0 € (B — §)".
Qur proof consists in finding a lower bound on the volume of
g = {®,0lv € §%,0 <5 < min{y, s(v)}}.
which in turn yields an upper bound on ¢. (3.5) implies that forall e € (0, 1)
o.(6r,) ~ <I>((€I?> - 8) x[o, e]) c 8 —gr.
Using (3.4) we conclude

v012m+l((‘3t+) - VOI2m+l(Qt+—e)

3.6
(36) > vol,,, 1(8F) — %vol(sm‘l)vol(B ~ G)e.

Setting D, = {v € §%|s(v) > ¢} we have U, D, = %, ®(%D, X [0, ¢]) C
g}, and ®|%, X [0, ] is one-to-one. From (3.1) and (3.2) it follows

(D(GDE X[O, E]) = ef <N -] o'(v), U>dV012m,
GDC
where ,
;h—{% f@fN ° o(v), vydvol,,, = fg RGA a(v), vddvol,,,.

This implies, in consequence of - (3.3) and (3.6), that for the function
S(s) = voly, . (8))

lim (i)nf%( ) = fit — &) > %vol(S”’")(volm(G) — vol (B — G)).
Since our assumption on ¢ is a fortiori satisfied for all s € (0, ¢), the preceding
formula holds with ¢ replaced by s for all s € (0, ). Hence f(0) = 0 implies

() > %vol(sm_l)(volm(G) — vol,,(B — G))t.
By definition we have ;" C @, hence
J(#) < voly,, . (€) = vol(S™)vol,, . (4).

The above two inequalities prove our claim.
Remark. The estimate in Proposition 1 is sharp for 4 = a standard
hemisphere and G = B = 94, but not in general. It can be sharpened, for
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example, by introducing the infimum of the lengths of chords of 4 joining G
and B — @ as an additional para.mcter.

Theorem 1. Let C C M be totally convex in D C M. Suppose ¢ #* I,

vol,,, (D — C) < oo and D has strong Lt;vschitz boundary. Then vol,(3C) <
vol, (oD).

Proof. By assumption we have C C D. Hence 4 == D — C has strong
Lipschitz boundary B = dC U dD; cf. [16, Theorem 6.1]. Since C is totally
convex in D, there does not exist a chord of A with both end-points on 9C.
Hence the assumption of Proposition 1 cannot be satisfied for G := 3C, i.e.,

vol,(3C) < vol,(B — 3C) = vol_(aD).

Remark. If C = &, then C = 3C, and one can even prove 2 vol,,(8C) <
vol (3D).

4. The splitting theorems

In this section we investigate the case of equality vol, (dC) = vol,(dD) in
Theorem 1. Examples on surfaces of revolution show that in this case the
Riemannian structure of D — C can still vary quite freely. Under suitable
assumptions, however, every component of D — C splits isometrically into a
product of a real interval with a component of 9C.

Proposmon 2. Let C C M be totally convex in D C M. Suppose C + B,
D — C is compact, and vol,,(3C) = vol,(3D) > 0.

() If D has a strong Lipschitz boundary, then D is locally concave, i.e.,
M~ Dis locally convex.

(ii) If D is locally convex, then 3D is a totally geodesic hypersurface.

Remark. In case (ii) the set M — D is.even totally convex in M — C. It is
rather doubtful that this should be true in the general case as well.

Proof. Let E C T'M denote the set of vectors v € 67%(dD) such that
there exists 7, > 0 with exp(tv) € D — C for all z € (0, ). Choose 2, €
(0, 0] to be maximal with this property. Proposition 1 and vol (3C) =
vol, (D) imply 7, < oo and exp(z,v) € 9C for almost all v € E. Now sup-
pose (i) is not true. Then there exist points pg, go € M — D at arbitrarily
small distance, in partlcular d(po 90) <d(AC, dD), such that the geodesic
segment Po‘Io intersects D. Hence there exist open sets U, V C M — D such
that for all p € U, ¢ € V the geodesic segment pq intersects D while
pgn C = . Let O C T'M be the set of tangent vectors to such segments.
Then O is open, © N E # &, and exp(s,v) € oD for all v € 0 N E. Since
for every p € (0D) the set £ N ];,IM contains an open hemisphere of ]},‘M R
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we get vol,,(© N E) > 0 contradicting exp(Z,0) € 9C for almost all v € E.
Thus (i) is proved. (ii) is an obvious consequence of (i).

Theorem 2, Let C C M be totally convex in the locally convex set D C M,
Suppose C % @, D — C is compact, and vol, (3C) = vol, (dD) > 0. If the
sectional curvature of M is nonnegative on D — é, then the components of
D — C are isometric to the products of real intervals and the boundary compo-
nents of C. . _

Remarks. 1. Examples on a paraboloid of revolution show that it does not
suffice to assume that C and D are locally convex and C C D.

2. The author does not know if the assumption “D locally convex” is
necessary. It can be omitted if, in addition to the other assumptions, D - Cis
contained in the domain of a convex function which is nowhere constant on
D — C, e.g., if M is noncompact and of nonnegative sectional curvature.

Proof. Denote by p: D —> R, p(p) = d(p, D) the inner distance functlon
from 8D. Since the curvature is nonnegative on D — C, the function p|D — C
is concave, i.e., —p|D — C is convex; cf. [7): Set a == min(p|C). Then a > 0
since C C D. For 0 < r < a the sets "D = p~([r, 0)) are totally convex in D
and 9("D) = p~'(r). Hence vol, (p~'(r)) < vol,(dD) by Theorem 1. Since C is
totally convex in "D C D for 0 < r < g, we obtain vol,,(3C) < vol,(p'(r).
Hence

vol,(p1(r)) = vol,,(aD)
for all 0 <r < a. By Proposition 2 the hypersurface D and its parallel
hypersurfaces p~!(r) (0 < r < q) are all totally geodesic. Hence the flow of
—Vp induces an isometry between p~'({0, 2]) and p~'(a) X [0, a].

Now provided D — C is connected we prove 9C = p~'(a), hence D — ¢ =
071(I0, a]). Since p~Y(a) is totally geodesic and C C°D is totally convex in D,
the set C N p~!(a) = 9C N p7!(a) is totally convex in the compact Rieman-
nian manifold p~'(@). By Corollary 1 in §5 the set 9C N p~(a) contains a
component N of p~'(a). Then N X [0, a] C p~!(a) X [0, a] corresponds to an
open and closed set in D — C. Hence N = p™(a) = 9C and D — € =~ 3C X
[0, a]. If D — C is not connected, one can apply these arguments to each
component of D — ¢ separately.

We are now going to prove a splitting theorem in the case of nonpositive
sectional curvature. At no extra cost we get a slight generalization of Theo-
rem 1. For a path-connected subset 4 of M we denote by m(4,p) the
fundamental group of 4 at p € 4, and by i,,(7(4, p)) its image under the
inclusion i,: A — M.

Theorem 3. Let M be a complete Riemannian manifold of nonpositive
curvature. Suppose that D is a connected subset of M with strong Lipschitz
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boundary containing a locally convex set C, and that D — Cis compact. If

(» ic(m,(C, p)) = ipe(m(D, p)),
then vol,,(dC) < vol, (D). If in addition C C D and vol,,(3C) = vol,(aD)
> 0, then the components of D — C are isometric to the products of real
intervals and the boundary components of C. )

Remark. If C is locally convex and C C D, then (=) implies that C is
totally convex in D. The converse is true, if D is locally convex.

Proof. We use the universal Riemannian covering f: M’ — M to construct
a retraction P: D — C which is locally distance-nonincreasing. Choose con-
nected components C’ and D’ of f~}(C) and f~}(D) such that C’ C D’. Then
C’ is totally convex; cf. [2, (2.12)]. By [6, Proposition (3.4)] the metric
projection P’: M’ — C’ onto C’ is uniquely defined and distance-non-
increasing. Because of (¥) a map P: D — C can be defined by
P o (f|D") = fo (P’|D’). Then P is locally distance-nonincreasing. Hence
vol,,(3C) < vol,, (D) follows from (2.2) as soon as we have proved P(3D) =
dC. As a consequence of (*) the distance function p’: M’ —R from C’
induces a function p: D - R by p ° (f|D’) = p’|D’. Since D — ¢ is compact,
p is bounded. Now for every p € 9C’ there exists a geodesic c: [0, o0) — M’
such that ¢(0) = p, P’ o ¢(f) = p and p’ © ¢(¢) = ¢ for all ¢ > 0; cf. [6, Lemma
(3-2)]. Since p’| D’ is bounded, we get P'(dD") = 9C’, hence P(3D) = JC. If
vol,(8C) = vol,(0D), we conclude that (P|oD),, is isometric for almost all
pE3D. Now pis C' on D — C, and P,(Vp) = 0 whenever P, is defined.
This implies that Vp)|, is orthogonal to 7,3D if (P|oD),,, is isometric. Hence
the derivative of the Lipschitz function p|dD vanishes almost everywhere.
Thus p is constant on connected components of 9D. Since p’ is convex, we
conclude that D is locally convex. Then C is totally convex in D provided
C C D. Since P,|T,0D is isometric for almost all p €93D and since
vol,,(3C) = vol,,(3D) > 0, we have C  &. By Proposition 2 the hyper-
surface 9D is totally geodesic. Since the components of dC are parallel
surfaces of components of 3D, our claim easily follows from the curvature
assumption.

5. Topological properties of totally convex sets
In [7] Cheeger and Gromoll proved that the inclusion of a compact totally
convex submanifold into a complete connected Riemannian manifold is a
homotopy equivalence. By the “Soul Theorem” {7] this statement is also true
for compact totally convex sets in a complete Riemannian manifold of
nonnegative curvature. We are going to generalize these results in several
respects.
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Theorem 4. Let C, D be subsets of a complete Riemannian manifold M. If
C is totally convex in D, and D is locally convex, then the inclusion i: C — D is
a homotopy equivalence. '

Corollary 1.  The only totally convex set in a compact connected Riemannian
manifold M is M itself. ,

The main step in the proof of Theorem 4 is the following.

Lemma 1. Under the assumptions of Theorem 4 any Lipschitz map g:
(D", 0D™) — (D, C) is (D, C)-homotopic to a map into C.

Proof. Since D is connected by assumption, the statement is true for
n =0. For n > 1 we consider g as a map from D""! into an appropriate
space of curves. Applying a special energy-decreasing deformation @ to g we
can deform g to a map into C since our assumptions imply that %) has no
stationary points outside C. Similar deformations have been used on the
space of closed curves to construct closed geodesics; cf. the appendix to [12].
Here we consider the space

€ = {vly: [-1, 1] > D Lipschitz, y(-1) € g(3D"), y(1) € C}

endowed with the metric d_(yq, v;) = max d(yy(?), v(?)). On & we have the
lower semicontinuous functional “energy” E: 2 —R, E(y) = ['/|7(® at.
For k > 0 we set 2 = E7Y([0, x]) € Q. The Lipschitz map g: (D", 3D") -
(D, C) gives rise to a continuous map G: (D", aD"" 1) —(©, Q%) which
maps x € D"! to the curve G(x) €, G(x)(?) = g(x, ty1 — |x[*). A
(2, ©°%-homotopy of G induces a (D, C)-homotopy of g. Hence it suffices to
prove that G is (2, 2%-homotopic to a map into 2°. We are now going to
define the deformation %) . If L is a Lipschitz constant for g, choose k, > 212
Then G(x) € Q" for all x € D", Choose a neighborhood U of C such that
the metric projection P: U— C onto C is uniquely defined and locally
Lipschitz; cf. [15, Theorem 1]. Set

K= {p € M |There exists x € D" such that d(p, g(x)) <V 2k, },

and choose ¢ > 0 with the following properties:

(i) € is smaller than the minimum of the injectivity radius on X,

Gi) if p,g € D N K and d( P> 9) <&, then the shortest geodesic segment
pq from p to g is contained in D; cf. [2, (1.2)],

(i) {g € Kld(g, C) < e} ¢ U. »
Finally we choose a partition -1 =55 <s5; <"~ <85 _; <53 =1 of
[-1, 1] such that s5;,, — 5, <€2/Kkgfori =0,- - - , 2k — 2. Note that y € Q~
implies y([-1, 1)) € K and d*(v(s), Y(s;+2) < (8,422 — S)Kg < ¢2. Hence we
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can define continuous energy-decreasmg maps GD Qfo — Q% and 9,: Q% —
Qo respectively by :
D1 Y[ 525> $3:42] = shortest geodesic from y(sy;)
10 y(sy40), 0 <i<k;
DI 500 51] = ¥I[ 50 515 ,
GDZYl[SZi—l’ s2i+1] = shortest geodesic from y(s,;_,)
toy(sy4y), 1<i<k,
D, Y|[ $26— 1> S2& ] = shortest geodesic from (s, _y)
to P(y(s2))-
Now : Q% — Q% is defined by @ = 6, o 6,. Obviously 9,, %, and %
are (2%, Q%-homotopic to the identity. Hence 9 ° G is (2%, 2°)-homotopic
to G. Our claim is an easy consequence of the following property of :
(+) For every x € (0, k,) there exists 8 > 0 such that D(Q“+%) c Q<%

Suppose (*) is not true. Then we can find a sequence ¢, in & such that
lim E(c,) = lim E(%c,) = . Since K is compact, we may assume that
c,(55;) =1 c(sy) exists for 0 < i < k. We define ¢ € @ by

cll s2i5 242 = shortest geodesic from c(s,,)
to c(s542), 0<i<k.
Then we have 9,c = ¢ and ¢ = lim 9,¢,. Now
_! (5. ¥()

i=0 Si+1 — S

’

E(y)

if y|[s;, 5;, ;] is a shortest geodesic for 0 < i < 2k. Hence E(c) = lim E(,c,)
= k and E(D,c) = lim E(D,(%D;¢,)) = k. Thus we get E(c) = E(Dc) = k >
0, which implies that ¢ € € is a nonconstant geodesic with ¢(1) = P(c(s,_ 1)
in contradiction to the total convexity of C in D. Hence (*) is proved.

Proof of Theorem 4. Theorem 4 follows from Lemma 1 by algebraic
topology. It suffices to prove that «,(D, C) is trivial for all » > 0; cf. [14, p.
405, Corollary 24]. Hence we need to know that Lemma 1 is true for not only
Lipschitz maps but also all continuous maps. Using the fact that there are
neighborhoods U of C and V of D and locally Lipschitz deformation
retractions of U (resp. V) onto C (resp. D), one can reduce the continuous
case to the Lipschitz case by standard approximation arguments.

The following corollary replaces [4, Theorem 4] which has been referred to
in [3].
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Corollary 2. I addition to the hypotheses of Theorem 4 assume that D — C
is connected. Then D — Cis compact if dD is nonvoid and compact.

Remark. If D — C is not connected, Corollary 2 applies to each compo-
nent ¥ of D — C separately, i.e., V is compact if ¥ N 8D is nonvoid and
compact.

Proof. Theorem 4 implies Corollary 2 by algebraic topology. We first
show that the inclusion H,(3C) — H, (D — C) is an isomorphism. Let U C
D be a neighborhood of € such that the metric projection P: U— C is
uniquely defined and such that for every ¢ € U the geodesic segment qP(g)
is contained in U; cf. [15, Theorem 1]. Using a partition of unity one can
construct a continuous function f: 9C — (0, o0) such that the set {p €
M|d(p, C) < 2f(p)} is contained in U. Set V := {p € M|d(p, C) < f(p)}.
Then (D, C) (resp. (D — G, 3C)) are deformation retracts of (D, V) (resp.
(D-C V- C)). Hence C can be excised from (D, ), and-Theorem 4
implies that H,(3C) - H,(D — C) is an isomorphism. We will use homol-
ogy with Z,-coefficients. Then H,,(dD) # O since 0D is a compact m-dimen-
sional manifold. Hence the inclusion

H,(dC)® H,(0D)—> H, (D — )
has nontrivial kernel. By the long exact sequence of the pair (D — ¢, aC U
D), this implies H,, ., (D — C, dC U dD) # 0. But for a connected (m + 1)-
dimensional manifold X = D — C with boundary 34X = 8C U 9D, we have
H, . (X,3X)# 0 only if X is compact. This can be seen by applying [9,
Corollary 22.25] to the double of X.
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